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Abstract-Euler’s formula and De Moivre’s formula for complex numbers are generalized for 
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1. INTRODUCTION 
Quaternion multiplication is not commutative, but many formal properties of complex numbers 
can be generalized to quaternionic numbers. We find natural generalizations of Euler’s formula 
and De Moivre’s formula hold for quaternions. 
A quaternion Q is a linear combination al + bi + cj + dlc where a, b, c, and d are real numbers 
and 
1 = (1,0,0,0), i = (O,l,O,O), j = (O,O,l,O), Ic = (O,O,O, 1). 
The sum of quaternions is the usual componentwise sum and the multiplication is defined so that 
(l,O, 0,O) is the identity and i, j, and k satisfy 
It follows from (1) that 
i2 = j2 = k2 = ijk = -1. (1) 
ij = -ji = k, jk = -kj = i, ki = -ik = j. 
A quaternion can be written as a + bi + cj + dk or as cr +@j, where [Y and p are complex numbers. 
The complex numbers do not commute with j, but satisfies jp = ;iij. We can also write q = a+ w 
where a is the real part of q and w = bi + cj + dk, called the pure quaternion part of q. The 
conjugate of q is q = a - w. We can view the pure quaternion part w = bi + cj + dk as a vector 
in R3. A simple computation shows 
WlW2 = -w1*w2+w1 XW2, (2) 
where WI . w2 is the usual Euclidean inner product, and WI x ~2, the cross product in R3. Let ai 
be real numbers and fli be pure quaternions. Then 
(a1 + A)@2 + P2) = ( ala2 - Pl * P2) + ad2 + a2p1 + p1 x p2. (3) 
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It follows from (3) that QlQz = qs qi for any quaternion qi. For pure quaternions wi, we have 
wzwi = m. For more details on quaternions, we refer the reader to [l]. 
2. EULER’S FORMULA AND DE MOIVRE’S 
FORMULA FOR QUATERNIONS 
Let S3 be the set of all unit quaternions and S2 the set of all unit pure quaternions, that is, 
S3 = {q E R4 : 14) = 1)) 
S2=(~~R3:(~]=1,Z=-w}. 
S3 is a group under quaternion multiplication and is isomorphic to SU (2), the group of all 2 x 2 
unitary matrices of determinant 1. The map 
is a group isomorphism between S3 and SU (2). 
Since w . w = 1 and w x w = 0 for any w E S2, we have w2 = -1 for any w E S2, hence any 
w E S2 is of order 4. We can express any q = a + bi + cj + dk E S3 as 
q = cose+wsin8, 
where cos 0 = a and 
1 
w= 
.\/b2 + c2 + d2 
(bi + cj + dk) = &(bi + cj + dk). 
This is similar to the polar coordinate expression of a complex number z = cos C + i sin C. We can 
view 0 as the angle between the vector q E R4 and the real axis (the subspace of real numbers) 
and w sin tJ as the projection of q onto the subspace R3 of pure quaternions. Since w2 = -1 for 
any w E S2, we have a natural generalization of Euler’s formula for quaternions 
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= cosB+wsine, 
for any real 0. If the power series definition 
x2 x4 
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is used for quaternion z, then 
cosw = cosi = coshl, 
sinw = -wisini = iwsinhl, 
for every w E S2. We note the cosine function is constant on the set S2. For more on Euler’s 
formula for complex numbers, we refer the reader to [2]. 
A simple computation together with the addition formula for cosine and sine: 
cos( B + $J) = cos 6 cos 1c, - sin 8 sin $J,, sin(8 + $) = cos 0 sin $J + sin 8 cos $, 
proves the following lemma. 
LEMMA 1. For any w E S2, we have 
(~0s e + w sin e)ccOs + + w sin @) = c0s(e + T/J) + w sin(8 + $J). 
REMARK 1. It follows from the lemma that K, = {case + w sin0 : 0 < 0 < 2~) is a subgroup 
of S3 and is isomorphic to S1. 
De Moivre’s Formula 35 
PROPOSITION 2. DE MOIVRE’S FORMULA. Let q = ewe = cos 0 + w sin 0 E S3, where 8 is real 
andwES2. Then 
for every integer 12. 
qn = ewne = (cos e + w sin e)” = cos ne + w sin no, (4) 
PROOF. The proof will be a induction on nonnegative integers n: 
Q n+l = (COS e + w sin e)n+l 
= (~0s ne 4 w sin ne)(cos e + w sine) 
= cos(n + qe + w sin(n + qe. 
The formula holds for all integers n since 
Q 
-1 = case - wsinf3, 
Q --71 = cos n0 - w sin nB = cos( -ne) + w sin( -no). 
COROLLARY 3. There are uncountably many unit quaternions satisfying xn = 1 for every integer 
n L 3. 
PROOF. For every w E S2, the quaternion q = cos 2r/n + w sin 2n/n is of order n. For n == 1 or 
n = 2, the quaternion q is independent of w. 
EXAMPLE 4. 1/2(l+i+j+k) = cosx/3+l/fi(l, 1,l) sinn/3 isoforder 6 and l/2(--l+i-t-j+k) = 
cos2n/3 + l/&(1,1,1) sin2x/3 is of order 3. These quaternions correspond to the rotations of 
R3 by 2~/3 and 4~/3 about the main diagonal axis determined by the vector (1, 1,l). The axis 
is given by the equation z = y = z. In general, for a quaternion q = cos t9 + w sin 8, the map 
v - 4W e-1 for v E R3, is the rotation of R3 by 28 about the axis determined by the vector w. 
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